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Abstract. The polynomial cluster value problem replaces the role of the con-
tinuous linear functionals in the original cluster value problem for the contin-
uous polynomials to describe the corresponding cluster sets and fibers. We
prove several polynomial cluster value theorems for uniform algebras H(B)
between Au(B) and H∞(B), where B is the open unit ball of a complex Ba-
nach space X. We also obtain new results about the original cluster value
problem, especially for A∞(B). Examples of spaces X considered here are
spaces of continuous functions, ℓ1 and locally uniformly convex spaces.
Keywords: uniform algebra; fiber; cluster value; strong peak point.
1. Introduction
The original cluster value problem concerns the boundary behavior of complex-
valued, bounded, holomorphic functions on the open unit ball B of a complex
Banach space X . The space of bounded holomorphic functions forms the unital,
commutative Banach algebra H∞(B). This is, however, a very large algebra, so it
is natural to work with its more manageable unital subalgebras H(B) containing
the bounded linear functionals X∗. For example, A(B) is the subalgebra of H∞(B)
generated precisely by X∗|B and the constant 1.
For a commutative Banach algebra H(B) as before, there is a norm-decreasing
homomorphism from H(B) to the continuous functions on its spectrum, called
the Gelfand transform. This homomorphism results an isometric embedding since
the norm of this Banach algebra equals its spectral radius. As it turns out, the
cluster value problem can be generally posed in terms of the spectrum of H(B).
This spectrum consists of the nonzero multiplicative linear functionals on H(B),
denoted MH(B). Unital and commutative Banach algebras H(B) have its spec-
trum contained in the norm-one linear functionals SH(B)∗ , and this spectrum is a
nonempty compact space in the usual weak-star topology making it a subspace of
the unit ball of H(B)∗. Obvious members in the spectrum of H(B), also called its
characters, are evaluations at points of B. Other characters can be found through
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its respective kernel, e. g. when it is the maximal ideal containing the functions
that nullify over a certain limit [17, §10.1], [5, §7], [7, Pr. 1.5].
Identifying the whole spectrum seems out of reach, but there have been ad-
vances discovering its structure. For example, the spectrum of H∞ of the unit disk
D can be naturally mapped to the closed unit disk by evaluating each character at
the identity function z 7→ z. It is known that this mapping π is continuous and sur-
jective, and it is injective on the inverse image of the open unit disk. The remainder
of the spectrum is mapped to the unit circle, so for each α ∈ C with |α| = 1 we
call π−1(α) the fiber over α of the spectrum. In 1961 I. J. Schark discovered that,
for each f in H∞ of the unit disk D, the range of the Gelfand transform fˆ on the
fiber over any unitary α ∈ C coincides with the cluster set of f at x0, i.e. the limit
values of f(x) as x ∈ D tends to x0 in norm [24].
The last result was surpassed in 1962 by the Corona theorem of Carleson. The
Corona of the spectrum of a Banach algebra H(B) consists of those characters that
are not in the closure of the ball B. The Corona problem asks whether such Corona
is empty and, if so, we say we have a Corona theorem. Carleson proved that the
Corona of H∞(D) is empty [10]. Fundamental results about the Corona problem
appear in [12].
In the next decade, respective cluster set identifications were established despite
the corresponding Corona staying unknown: by Gamelin in 1973 for the algebraH∞
of the polydisk in Cn [16], and by McDonald in 1979 for H∞ of the Euclidean unit
ball in Cn or any other strongly pseudoconvex domain in Cn with smooth boundary
[20]. The latter result partially relied on the existence of peaking functions at points
of strong pseudoconvexity [25].
Passing from Cn to an arbitrary ambient space X , the cluster set of f ∈ H(B)
at x∗∗ ∈ B¯∗∗ consists of the accumulation points of values f(x) as x ∈ B tends
to x∗∗ in the weak-star topology. Note that the weak-star topology is the initial
topology with respect to X∗, and given that H(B) contains the algebra generated
by X∗ and 1, we consider the mapping π restricting each character to X∗ to become
a character of A(B), and again partition the spectrum of H(B) in fibers via inverse
images of π, ending up with each fiber associated to a point of the closed ball of the
bidual B¯∗∗. When the Corona of H(B) is empty, once again the boundary behavior
of each f ∈ H(B) is determined: the cluster set of f ∈ H(B) at every x∗∗ ∈ B¯∗∗
coincides with the Gelfand transform fˆ evaluated in the fiber over x∗∗ [2].
A cluster value theorem for the Banach algebra H(B) at the point x∗∗ ∈ B¯∗∗
asserts that the previously described cluster set identification holds (even if we
do not know whether the Corona is empty). If this cluster set characterization is
moreover true for all x∗∗ ∈ B¯∗∗ then there is a cluster value theorem for H(B).
The cluster value problem was first set up in this generality in [2]. Several broad
ideas about the cluster value problem were first established in [2], [18] and [3],
and the first infinite-dimensional cluster value theorems were proved in [2] and [19]
focusing on Banach algebras on the ball of some classical Banach spaces. Examples
include the uniformly continuous and holomorphic functions Au(B) on the ball B
of any Hilbert space, and H∞ for the ball of c0 or any space of continuous functions
on a scattered compact Hausdorff space. The state of the art on the cluster value
problem was surveyed in [9].
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It is worth mentioning that for finite-dimensional spaces, c0 and the spaces of
continuous functions on scattered compact Hausdorff spaces K the algebra Au(B)
coincides with the ball algebra A(B). In contrast, as soon as K is not scattered, the
algebras A(B) and Au(B) are no longer equal [19]. Since Au(B) is the subalgebra
of H∞(B) generated by the continuous polynomials on X , P (X) [5, p. 56], while
A(B) is generated by X∗|B and 1, it was first considered in [19, p. 1565] to spe-
cialize in the cluster value problem for H∞(B) over Au(B) in which the weak-star
topology is replaced by the polynomial-star topology (to be described in Section 2)
and the mapping π is replaced by the restriction πP of characters to Au(B). In this
paper we analyze the polynomial cluster value problem just described but for any
algebra H(B) between Au(B) and H
∞(B), that still allows considering the restric-
tion mapping πP from the characters of H(B) into the characters of Au(B). The
spectrum of Au(B) is studied in some detail in [5]. As the polynomial-star topology
is halfway the norm topology and the weak-star topology and it still preserves the
density of the ball in the closed ball of the bidual [11], this topology gives rise to
a finer cluster value problem for which the polynomial cluster sets are contained in
the original cluster sets.
The Banach algebras H(B) in this paper are uniform algebras, which are natu-
ral settings to study holomorphy and boundary value questions. A uniform algebra
on a compact set K is known to be a closed, separating subalgebra of C(K) con-
taining the constants. In general, a uniform algebra H is a complex Banach algebra
with unit satisfying that limn→∞ ‖f
n‖1/n = ‖f‖ for all f ∈ H , as in such case it
is a separating subalgebra of the continuous functions on its spectrum [8]. We
have mentioned the examples A(B) ⊂ Au(B) ⊂ H
∞(B), and between Au(B) and
H∞(B) is the algebra A∞(B) of bounded holomorphic functions on B that ex-
tend continuously to the boundary. The inclusion of Au(B) in A∞(B) is proper
[5, §12] so we can also consider any intermediate algebra generated by Au(B) and
finitely many arbitrary functions in A∞(B) \ Au(B). Among A∞(B) and H
∞(B)
we find the intermediate algebras of bounded holomorphic functions that extend
continuously at finitely many points in B¯.
The work outline is the following. We begin Section 2 by proving general results
about the polynomial cluster value problem for uniform algebras between Au(B)
and H∞(B). Such is an algebraic formulation of the polynomial cluster value
problem that resembles a well known algebraic form of the Corona problem. Our
aim is to display evidence that the polynomial cluster value problem is a natural
analogue to the original cluster value problem.
In Section 3 we focus on the polynomial cluster value problem for H∞(BC(K)),
proving that we can reduce it to checking the behavior at 0 and at points in the
unit sphere of C(K)∗∗. This strengthens the results in [19, pp. 1567-1568].
In Section 4 we discuss peak points and strong peak points for complex-valued
function spaces over a metric space. We mention examples and counterexamples of
such kind of points. In particular, we refine known methods to show that a point
where a given Banach space is locally uniformly convex is a strong peak point for
A(B). We use those examples, along with further results, to prove polynomial and
original cluster value theorems for A∞(B).
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For background on commutative Banach algebras and uniform algebras, see
[14]. The reader may also want to learn about infinite-dimensional holomorphy
from [21] or through the selected results in [23, §1.4].
2. General results
The notion of cluster set for a holomorphic function f and an element x∗∗ ∈ X∗∗
is provided in [2] in terms of the weak-star topology. Indeed, we consider all possible
limits of f(xα) for nets (xα) ⊂ B weak-star converging to x
∗∗, i.e. xα(x
∗)→ x∗∗(x∗)
for each linear functional x∗ ∈ X∗. And the fibers are given in terms of X∗ as well,
since for each x∗∗ ∈ B¯∗∗ the fiber over x∗∗ is Mx∗∗ := π
−1({x∗∗}) where π is the
following homomorphism among spectra of algebras
π :MH(B) →MA(B) = B¯
∗∗,
τ 7→ τ |X∗ .
Note that for x ∈ B the character δx ∈ MH(B) which evaluates at the point x is
in the fiber Mx. The compactness of MH(B) and the continuity of π in turn assure
that π is onto, namely each fiber is nonempty.
Now we will describe the polynomial cluster sets and fibers in terms of the
polynomial-star topology and P (X). It is known that each polynomial P ∈ P (X)
admits a canonical extension P˜ ∈ P (X∗∗) which is called its Aron-Berner extension
[15, Section 2]. This canonical extension is obtained based on the Arens extension of
the symmetric mapping A associated to the polynomial P . The Arens extension is
obtained extending by weak-star continuity, one variable at a time, each variable of
A. The resulting mapping A˜ depends on the order the variables were extended and
might not be symmetric, but the n! possible extensions coincide on the diagonal.
This common restriction defines P˜ . The polynomial-star topology in the second
dual of X is the smallest topology that makes the Aron-Berner extension P˜ of
every polynomial P on X up to X∗∗ continuous; this topology can be denoted by
w(X∗∗, P (X)). The nets (xα) converging in the topology w(X
∗∗, P (X)) to x∗∗
are those such that P˜ (xα) → P˜ (x
∗∗) for all P ∈ P (X). More basic results about
w(X∗∗, P (X)) can be found in [15, Section 2.1]. The notation used here for the
Aron-Berner extension is not standard, but it will help us to avoid confusion with
the Gelfand transform and with complex conjugation.
Throughout this section we will refer to H(B) as any uniform algebra between
Au(B) and H
∞(B). Given a holomorphic function f ∈ H(B) as well as x∗∗0 ∈ B¯
∗∗,
the polynomial cluster set of f at x∗∗0 is the nonempty set of accumulation points
of values f(x) as x ∈ B tends to x∗∗0 in the polynomial-star topology, i.e.
ClPB(f, x
∗∗
0 ) := {λ : ∃(xα) ⊂ B |P (xα)→ P˜ (x
∗∗
0 ) for all P ∈ P (X), f(xα)→ λ}.
Given x∗∗0 ∈ B¯
∗∗, δx∗∗0 ∈ MAu(B) evaluates the Aron-Berner extension of g ∈
Au(B) at x
∗∗
0 , which is possible due to Lemma 2.1 below and the continuous exten-
sion to the boundary of g˜ ∈ Au(B
∗∗). The polynomial fiber of MH(B) at x
∗∗
0 ∈ B¯
∗∗
is the inverse image of δx∗∗0 under the restriction map π
P : MH(B) →MAu(B). We
do not know the range of πP but each fiber at a point in B¯∗∗ is still nonempty as
B is dense in B¯∗∗ in the polynomial-star topology [11, Thm. 2].
The polynomial cluster value problem can be posed as follows: if we denote the
polynomial fiber of MH(B) at x
∗∗
0 by M
P
x∗∗0
(H(B)) (and if there is no confusion, we
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write MPx∗∗0 (B) or M
P
x∗∗0
), and denoting the Gelfand transform of f ∈ H(B) by fˆ ,
is it true that
(2.1) ClPB(f, x
∗∗
0 ) = fˆ(M
P
x∗∗0
), for all f ∈ H(B)?
We have a polynomial cluster value theorem for H(B) at x∗∗0 when the equation
2.1 holds.
As in the case of the cluster value problem, an inclusion in the polynomial
cluster value problem is always true. We use the following folklore result for that.
Lemma 2.1. The Aron-Berner extension of an element in Au(B) is in Au(B
∗∗).
Theorem 2.2. For every x∗∗0 ∈ B¯
∗∗ and f ∈ H(B),
(2.2) ClPB(f, x
∗∗
0 ) ⊂ fˆ(M
P
x∗∗0
).
Proof. Suppose that λ ∈ ClPB(f, x
∗∗
0 ). Then there exists a net (xα) ⊂ B such
that f(xα) → λ and xα → x
∗∗
0 in the topology w(X
∗∗, P (X)). Without loss of
generality we may assume that xα → τ ∈ MH(B), because the spectrum MH(B) is
compact. Then fˆ(τ) = limα f(xα) = λ. Moreover, for every g ∈ Au(B),
gˆ(τ) = lim
α
g(xα) = g˜(x
∗∗
0 ),
where the second equality holds because the polynomials on X are uniformly dense
in Au(B), and because g˜ ∈ Au(B
∗∗). Thus τ ∈MPx∗∗0 , so λ ∈ fˆ(M
P
x∗∗0
). 
As a consequence of Theorem 2.2, one can see that the larger the fiber MPx∗∗0 ,
the harder it is to get a cluster value theorem at x∗∗0 . And the smaller the images
of such fiber under the Gelfand transforms of functions f ∈ H(B), the easier it is
to obtain the desired theorem. The following consequence is intuitively clear too.
Corollary 2.3. Let x∗∗0 ∈ B¯
∗∗ and f ∈ H(B). If fˆ is constant in MPx∗∗0 , then
f extends to x∗∗0 with w(X
∗∗, P (X))-continuity. That is, if fˆ(MPx∗∗0 ) = {λ}, then
every net (xα) w(X
∗∗, P (X))-convergent to x∗∗0 satisfies that lim f(xα) = λ.
Proof. Let us see that if (xα) converges to x
∗∗
0 in the topology w(X
∗∗, P (X)),
it has a subnet (xαi) such that limi f(xαi) = λ. Since (f(xα)) is bounded, there is
a subnet (xαi ) such that (f(xαi ))i converges to a certain β ∈ C. Then Theorem
2.2 implies that there exists ψ ∈ MPx∗∗0 such that fˆ(ψ) = β. However, fˆ(ψ) ∈
fˆ(MPx∗∗0 ) = {λ}. Therefore fˆ(ψ) = λ and thus f extends to x
∗∗
0 with w(X
∗∗, P (X))-
continuity. 
In the same way we can prove the following result related to the original clus-
ter value problem. Recall that weak-star continuous functions are always norm-
continuous.
Proposition 2.4. If x∗∗0 ∈ B¯
∗∗ and f ∈ H(B) satifies that fˆ is constant in
Mx∗∗0 , then f extends to a norm-continuous function f0 on B ∪ {x
∗∗
0 } which is
w(X∗∗, X∗)-continuous at x∗∗0 .
Examples of more comparisons between the cluster value problem and the
polynomial cluster value problem are the following. First, if H(B) is a uniform
algebra between Au(B) and H
∞(B), the cluster value problem for H(B) coin-
cides with the polynomial cluster value problem for the same algebra when X is a
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finite-dimensional Banach space. The reason is that in that case Au(B) = A(B),
and hence the polynomial-star topology coincides with the weak-star topology in
X∗∗ = X . In general, whenever Au(B) = A(B), we have that the cluster value
problem for H(B) coincides with the polynomial cluster value problem for the same
algebra. As already mentioned, this is the case for spaces of continuous functions
C(K) with K compact, Hausdorff and scattered, and for c0. It is meanwhile shown
in [5, p. 58] that this is the case for the dual of the Tsirelson space.
In view of Theorem 2.2, to prove the polynomial cluster value theorem for
H(B) at x∗∗0 it is enough to show the reverse inclusion to the one in Equation 2.2,
for all f ∈ H(B). Or we can show the algebraic form of the polynomial cluster
value problem that we shall present shortly in Theorem 2.6. Let us first see the
following algebraic version of the original cluster value problem that improves [2,
Lemma 2.3].
Theorem 2.5. There is a cluster value theorem for H(B) at x∗∗ ∈ B¯∗∗ if
and only if, for every finite family f1, · · · , fn−1 ∈ A(B) and fn ∈ H(B) such that
there exists δ > 0 for which |f1(x)| + · · · + |fn(x)| ≥ δ for all x ∈ B, it holds that
fˆ1, · · · , fˆn have no common zeroes in Mx∗∗.
Proof. ⇒) If fˆ1, · · · , fˆn had a common zero inMx∗∗ , there would be φ ∈Mx∗∗
such that fˆj(φ) = 0, 1 ≤ j ≤ n. In particular, fj(x
∗∗) = fˆj(φ) = 0, 1 ≤ j ≤ n− 1.
Also, since fˆn(Mx∗∗) = ClB(fn, x
∗∗), we obtain that there exists (xα) ⊂ B such
that xα
w∗
−−→ x∗∗ and fn(xα)→ 0. Thus infx∈B
∑n
1 |fj(x)| = 0, a contradiction.
⇐) If the cluster value theorem for H(B) fails at x∗∗, then, after substract-
ing a constant if necessary, we can find g ∈ H(B) such that 0 ∈ gˆ(Mx∗∗) but
0 /∈ ClB(g, x
∗∗). Let φ ∈ Mx∗∗ be such that gˆ(φ) = 0. Also, let c, ε > 0
and L1, · · · , Ln−1 ∈ X
∗ be such that if x ∈ B and |Lj(x) − x
∗∗(Lj)| < ε for
1 ≤ j ≤ n − 1 then |g(x)| ≥ c. Taking δ = min{c, ε} we obtain that |g(x)| ≥ δ
when |Lj(x) − x
∗∗(Lj)| < δ, 1 ≤ j ≤ n − 1. Thus, taking fj = Lj − x
∗∗(Lj) for
1 ≤ j ≤ n− 1, and fn = g, we get that
∑n
1 |fj(x)| ≥ δ for all x ∈ B. Nevertheless
fˆj(φ) = φ(Lj − x
∗∗(Lj)) = 0 for 1 ≤ j ≤ n− 1, while fˆn(φ) = gˆ(φ) = 0, i.e. φ is a
common zero in Mx∗∗ of fˆ1, · · · , fˆn. 
The corresponding characterization of the polynomial cluster value theorem
replaces the role of X∗ by P (X). The algebra A(B) generated by X∗ is substituted
by Au(B) which is generated by P (X). And a polynomial fiber takes the place of
the original fiber at the same point.
Theorem 2.6. There is a polynomial cluster value theorem for H(B) at x∗∗ ∈
B¯∗∗ if and only if, for every finite family f1, · · · , fn−1 ∈ Au(B) and fn ∈ H(B)
such that there exists δ > 0 for which |f1(x)| + · · · + |fn(x)| ≥ δ for all x ∈ B, it
holds that fˆ1, · · · , fˆn have no common zeroes in M
P
x∗∗.
Proof. ⇒) If fˆ1, · · · , fˆn had a common zero inM
P
x∗∗ , there would be φ ∈M
P
x∗∗
such that fˆj(φ) = 0, 1 ≤ j ≤ n. In particular, fj(x
∗∗) = fˆj(φ) = 0, 1 ≤ j ≤ n− 1.
Also, since fˆn(M
P
x∗∗) = Cl
P
B(fn, x
∗∗), we obtain that there exists (xα) ⊂ B such that
xα → x
∗∗ in the polynomial-star topology and fn(xα)→ 0. Since the polynomials
are dense in Au(B) [5, p. 56], we get that infx∈B
∑n
1 |fj(x)| = 0, a contradiction.
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⇐) If the polynomial cluster value theorem for H(B) fails at x∗∗, then there
exists g ∈ H(B) such that 0 ∈ gˆ(MPx∗∗) but 0 /∈ Cl
P
B(g, x
∗∗). Let φ ∈MPx∗∗ be such
that gˆ(φ) = 0. Also, let c, ε > 0 and P1, · · · , Pn−1 ∈ P (X) be such that if x ∈ B
and |Pj(x) − P˜j(x
∗∗)| < ε for 1 ≤ j ≤ n − 1 then |g(x)| ≥ c. As before, we can
take δ = min{c, ε}, fj = Pj − P˜j(x
∗∗) for 1 ≤ j ≤ n − 1, and fn = g, to get that∑n
1 |fj(x)| ≥ δ for all x ∈ B. Still, fˆj(φ) = φ(Pj − P˜j(x
∗∗)) = 0 for 1 ≤ j ≤ n− 1,
while fˆn(φ) = gˆ(φ) = 0, i.e. φ is a common zero in M
P
x∗∗ of fˆ1, · · · , fˆn. 
To finish this section, let us see the following direct proof of the fact that the
Corona theorem for H(B) implies the polynomial cluster value theorem for H(B)
at all points x∗∗ ∈ B¯∗∗.
Theorem 2.7. If B is dense in MH(B), then for every x
∗∗
0 ∈ B¯
∗∗ and f ∈
H(B), ClPB(f, x
∗∗
0 ) = fˆ(M
P
x∗∗0
).
Proof. Let x∗∗0 ∈ B¯
∗∗ and f ∈ H(B). Due to Theorem 2.2, it is enough to
show that fˆ(MPx∗∗0 ) ⊂ Cl
P
B(f, x
∗∗
0 ). Given τ ∈ M
P
x∗∗0
, we can find (xα) ⊂ B such
that δxα → τ in MH(B). In particular, since Au(B) ⊂ H(B), if g ∈ Au(B),
g(xα)→ gˆ(τ) = g˜(x
∗∗
0 ),
so xα → x
∗∗
0 in the topology w(X
∗∗, P (X)). Since also f(xα) → fˆ(τ), we obtain
that fˆ(τ) ∈ ClPB(f, x
∗∗
0 ). 
3. Polynomial cluster value problem for spaces of continuous functions
Despite the commonalities between the original cluster value problem and the
polynomial cluster value problem, we have found some features of the latter that up
to now make it distinctive. In this section we focus on the polynomial cluster value
problem for the algebra H∞(B) for B the ball of a space of continuous functions.
For the original cluster value problem, the size and structure of fibers for some
spectra of subalgebras of H∞(B) have been recently studied in [3] and [6]. In
contrast with the case of the original cluster value problem, we do not know if the
union of the polynomial fibers MPx∗∗0 , with x
∗∗
0 ∈ B¯
∗∗, is all of MH(B). Still, the
polynomial cluster value problem is in general nontrivial, as illustrated by the size
of the polynomial fibers in the following example [19, pp. 1565-1567].
Example 3.1 (Johnson, Ortega Castillo). If K is an infinite compact Hausdorff
space then each of the polynomial fibers MPf0 , for f0 ∈ BC(K) and the algebra
H∞(BC(K)), contains a holomorphic copy of Bℓ∞ .
Proposition 3.4 below extends the last example to all polynomial fibers MPf∗∗0
with f∗∗0 ∈ BC(K)∗∗. As in [19, Lemma 3.5], we use that C(K)
∗∗ is a commutative
C∗-algebra that extends the C∗ structure of C(K) to obtain Mo¨bius type biholo-
morphisms in BC(K)∗∗ . Here we shall show two more properties about them for the
extension, that they are Lipschitz and (w(X∗∗,P(X)), w(X∗∗,P(X)))-continuous.
We will subsequently use such characteristics to prove Proposition 3.4 and Corollary
3.5 in connection with the polynomial cluster value problem.
In what follows, we will use functional calculus notation for the commutative
space C(K)∗∗. For background on functional calculus in C∗-algebras, see [22]. To
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be consistent with our previous notation, we will denote an element of BC(K)∗∗ by
f∗∗. The involution in C(K)∗∗ will be denoted by ,¯ since it corresponds to complex
conjugation for elements of C(K).
Lemma 3.2. For all f∗∗0 ∈ BC(K)∗∗, the mapping Tf∗∗0 : BC(K)∗∗ → BC(K)∗∗
given by
(3.1) Tf∗∗0 (f
∗∗) =
f∗∗ − f∗∗0
1− ¯f∗∗0 f
∗∗
is biholomorphic. Moreover, it is Lipschitz and (w(X∗∗,P(X)), w(X∗∗,P(X)))-
continuous.
Proof. In equation 3.1 above, we have that ‖ ¯f∗∗0 f
∗∗‖ < 1, so 1 − ¯f∗∗0 f
∗∗ is
certainly invertible. The proof of Tf∗∗0 being biholomorphic is analogous to [19,
Lemma 3.2].
To prove that Tf∗∗0 is a Lipschitz function, note that for all f
∗∗, g∗∗ ∈ BC(K)∗∗,
‖Tf∗∗0 (f
∗∗)− Tf∗∗0 (g
∗∗)‖ = ‖
(1− |f∗∗0 |
2)(f∗∗ − g∗∗)
(1− ¯f∗∗0 f
∗∗)(1− ¯f∗∗0 g
∗∗)
‖.
Since 0 ≤ 1− |f∗∗0 |
2 ≤ 1 then ‖1− |f∗∗0 |
2‖ ≤ 1, so
‖Tf∗∗0 (f
∗∗)− Tf∗∗0 (g
∗∗)‖ ≤ ‖(1− ¯f∗∗0 f
∗∗)−1‖ · ‖(1− ¯f∗∗0 g
∗∗)−1‖ · ‖f∗∗ − g∗∗‖.
Moreover, due again to the submultiplicativity of the norm,
‖(1− ¯f∗∗0 f
∗∗)−1‖(1− ‖f∗∗0 ‖) ≤ ‖(1−
¯f∗∗0 f
∗∗)−1‖ − ‖ ¯f∗∗0 (1 −
¯f∗∗0 f
∗∗)−1‖
≤ ‖(1− ¯f∗∗0 f
∗∗)−1‖ − ‖ ¯f∗∗0 f
∗∗(1− ¯f∗∗0 f
∗∗)−1‖
≤ ‖(1− ¯f∗∗0 f
∗∗)(1− ¯f∗∗0 f
∗∗)−1‖
≤ 1,
and similarly ‖(1− ¯f∗∗0 g
∗∗)−1‖(1− ‖f∗∗0 ‖) ≤ 1, therefore
‖Tf∗∗0 (f
∗∗)− Tf∗∗0 (g
∗∗)‖ ≤
‖f∗∗ − g∗∗‖
(1− ‖f∗∗0 ‖)
2
,
i.e. Tf∗∗0 is Lipschitz, and consequently uniformly continuous.
Given P ∈ P (X) ⊂ Au(B), using lemma 2.1 we get that the Aron-Berner
extension P˜ ∈ Au(B
∗∗). Since Tf∗∗0 is holomorphic and uniformly continuous we
have that P˜ ◦ Tf∗∗0 ∈ Au(B
∗∗), so it is the uniform limit of polynomials. Hence
P˜ ◦ Tf∗∗0 is polynomial-star continuous, so given a net (f
∗∗
α ) converging to f
∗∗ in
(w(X∗∗,P(X)) we observe that
P˜ (Tf∗∗0 (f
∗∗
α ))→ P˜ (Tf∗∗0 (f
∗∗)),
i.e. Tf∗∗0 is (w(X
∗∗,P(X)), w(X∗∗,P(X)))-continuous. 
Let us prove the property in Lemma 3.3 below about the Mo¨bius type biholo-
morphisms just described, as we will use it to show Proposition 3.4.
Lemma 3.3. For all ψ ∈ H∞(B) and f∗∗0 ∈ BC(K)∗∗,
˜(ψ˜ ◦ Tf ∗∗0 |BC(K)) = ψ˜ ◦ Tf∗∗0
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Proof. Using the Taylor series expansion of ψ at 0, and the way ψ˜ is defined,
it is enough to assume that ψ is anm-homogeneous polynomial Pm, with associated
symmetric m-linear functional A.
Now consider the Taylor series expansion of Tf∗∗0 ,
Tf∗∗0 (f
∗∗) =
∞∑
n=0
g∗∗n · (f
∗∗)n,
that we can obtain from manipulating equation 3.1. Moreover, we can use Cauchy’s
inequalities or functional calculus to get that ||g∗∗n || ≤ 1 for all n ∈ N0.
Then, because of the continuity of P˜m,
P˜m(Tf∗∗0 (f
∗∗)) = P˜m(
∞∑
n=0
g∗∗n · (f
∗∗)n)
= lim
N→∞
P˜m(
N∑
n=0
g∗∗n · (f
∗∗)n)
= lim
N→∞
∑
0≤ni≤N
A˜(g∗∗n1 · (f
∗∗)n1 , · · · , g∗∗nm · (f
∗∗)nm)
=
∑
ni∈N0
A˜(g∗∗n1 · (f
∗∗)n1 , · · · , g∗∗nm · (f
∗∗)nm),
because we can bound the tail from N +1 to ∞ by ||A||( ||f
∗∗||N+1
1−||f∗∗|| )
m, which clearly
goes to 0 as N →∞, pointwise.
After rearranging the terms we obtain that
P˜m(Tf∗∗0 (f
∗∗)) =
∞∑
k=0
∑
n1+···+nm=k
A˜(g∗∗n1 · (f
∗∗)n1 , · · · , g∗∗nm · (f
∗∗)nm),
which is the Taylor series expansion of P˜m ◦ Tf∗∗0 .
Consequently the Taylor series expansion of P˜m ◦ Tf∗∗0 |BC(K) is
(3.2) P˜m ◦ Tf∗∗0 |BC(K)(f) =
∞∑
k=0
∑
n1+···+nm=k
A˜(g∗∗n1 · (f)
n1 , · · · , g∗∗nm · (f)
nm).
Let us recall that A˜ is obtained through extending A one variable at a time by
weak-star continuity [15, §2.1]. The restriction of A˜ to the diagonal does not depend
on the order the variables were picked since A is symmetric. In turn, if each of the
k-homogeneous polynomials in f ∈ C(K) in the right-hand side of (3.2) is weak-star
continuously extended from the first to the last variable and then restricted to the
diagonal, we clearly recover the same polynomials but evaluated in the bidual of
C(K). It is thus clear that P˜m ◦ Tf∗∗0 coincides with
˜
(P˜m ◦ Tf ∗∗0 |BC(K)). 
Proposition 3.4. The biholomorphism Tf∗∗0 of BC(K)∗∗ induces a mapping
on MH∞(BC(K)) that maps the polynomial fiber M
P
x∗∗0
onto the polynomial fiber
MPTf∗∗0 (x
∗∗
0 )
, for all x∗∗0 ∈ BC(K)∗∗.
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Proof. Since Tf∗∗0 is holomorphic and uniformly continuous, by lemmas 2.1
and 3.2 we get that for all ψ ∈ Au(BC(K)) clearly ψ˜ ◦ Tf∗∗0 |BC(K) ∈ Au(BC(K)),
where ψ˜ is the Aron-Berner extension of ψ.
Similarly, ψ˜ ◦ Tf∗∗0 |BC(K) ∈ H
∞(BC(K)) when ψ ∈ H
∞(BC(K)), since ψ˜ ∈
H∞(BC(K)∗∗) in that case [11, Theorem 5].
Consequently the mapping T̂f∗∗0 :MH∞(BC(K)) →MH∞(BC(K)) given by
T̂f∗∗0 (τ)(ψ) = τ(ψ˜ ◦ Tf∗∗0 |BC(K))
is well-defined.
To prove the desired properties of T̂f∗∗0 , observe that given τ ∈ M
P
x∗∗0
and
ψ ∈ Au(BC(K)),
T̂f∗∗0 (τ)(ψ) = τ(ψ˜ ◦ Tf∗∗0 |BC(K)) = ψ˜(Tf∗∗0 (x
∗∗
0 )),
where the last equality follows from Lemma 3.3 and the fact that ψ˜ ◦ Tf∗∗0 |BC(K) ∈
Au(BC(K)). Thus T̂f∗∗0 (τ) ∈M
P
Tf∗∗
0
(x∗∗0 )
for all τ ∈MPx∗∗0 .
Further, given τ ∈MPTf∗∗0 (x
∗∗
0 )
, we have that τ˜ ∈MH(B) defined by
τ˜ (ψ) = τ(ψ˜ ◦ T−f∗∗0 |BC(K))
is clearly in MPx∗∗0 , and
T̂f∗∗0 (τ˜ )(ψ) = τ˜ (ψ˜ ◦ Tf∗∗0 |BC(K)) = τ(ψ)
i.e. T̂f∗∗0 (τ˜ ) = τ .
Thus T̂f∗∗0 maps the polynomial fiber M
P
x∗∗0
exactly to the polynomial fiber
MPTf∗∗0 (x
∗∗
0 )
. 
It is worth mentioning that for the algebra A∞(BC(K)), we can similarly map
each polynomial fiberMPx0 onto the polynomial fiberM
P
Tf0 (x0)
, for all x0, f0 ∈ BC(K)
(since Tf0 extends to a continuous map Tf0 : BC(K) → BC(K), and thus for all
ψ ∈ A∞(BC(K)) clearly ψ ◦Tf0 ∈ A∞(BC(K)), so we can proceed as in Proposition
3.4).
Corollary 3.5. For X = C(K), the polynomial cluster value theorem for
H∞(B) at 0 implies the polynomial cluster value theorem for H∞(B) at every
f∗∗0 ∈ BC(K)∗∗.
Proof. Let f∗∗0 ∈ BC(K)∗∗ . Then for all ψ ∈ H
∞(BC(K)),
ψ̂(MPf∗∗0 ) = ψ̂ ◦ T̂−f
∗∗
0
(MP0 ) = (ψ˜ ◦ T−f∗∗0 |BC(K))̂(MP0 )
where the last equality holds since for all τ ∈MP0 ,
ψ̂(T̂−f∗∗0 (τ)) = T̂−f∗∗0 (τ)(ψ) = τ(ψ˜ ◦ T−f∗∗0 |BC(K)).
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Meanwhile,
ClPB(ψ˜ ◦ T−f∗∗0 |BC(K) , 0) = {λ : ∃(fα) ⊂ B | fα
w(X∗∗,P(X))
−−−−−−−−−→ 0, ψ˜ ◦ T−f∗∗0 (fα)→ λ}
= {λ : ∃(g∗∗α ) ⊂ B
∗∗ | g∗∗α
w(X∗∗,P(X))
−−−−−−−−−→ f∗∗0 , ψ˜(g
∗∗
α )→ λ}
because T−f∗∗0 is (w(X
∗∗,P(X)), w(X∗∗,P(X)))-continuous due to Lemma 3.2 and
T−f∗∗0 (0) = f
∗∗
0 .
Since B is polynomial-star dense in B∗∗, we have that, if U is a base of
polynomial-star neighborhoods of f∗∗0 ,
{λ : ∃(g∗∗α ) ⊂ B
∗∗ | g∗∗α
w(X∗∗,P(X))
−−−−−−−−−→ f∗∗0 , ψ˜(g
∗∗
α )→ λ}
= ∩
U∈U
ψ˜(U ∩B∗∗) = ∩
U∈U
ψ(U ∩B) = ClPB(ψ, f
∗∗
0 ),
hence ψ̂(MPf∗∗0
) ⊂ ClPB(ψ, f
∗∗
0 ) for all ψ ∈ H
∞(BC(K)), as needed. 
The reader can similarly check that for X = C(K) and the algebra A∞(B) of
bounded holomorphic functions that can be continuously extended to the boundary,
the polynomial cluster value problem reduces to the origin, points in the sphere of
C(K) and elements of B
∗∗
\B.
4. Strong peak points and the polynomial cluster value problem
The discussions of this section concern solutions to the polynomial cluster value
problem at special types of points. The results are mainly about the algebraA∞(B),
but we will also work with the other uniform algebras mentioned in the introduction.
In turn we will obtain corresponding original cluster value theorems too. This
is based on the observation that some points of B admit a global function that
distinguishes the point in a manner that we are about to describe broadly.
A peak point for a function space H on a metric space Ω is an element x of Ω
for which there exists f ∈ H such that f(x) = 1 and |f(y)| < 1 for all y ∈ Ω \ {x}.
Meanwhile, a strong peak point for a function space as before is an element x
of Ω for which there exists f ∈ H satisfying f(x) = 1 and that for all ε > 0 we can
find δ > 0 such that d(x, y) > ε implies |f(y)| < 1 − δ. In this case we say that f
peaks strongly at x.
Examples of peak point sets for the uniform algebra A(B) are the following, as
exhibited in [1] and [4].
Theorem 4.1 (Acosta, Lourenc¸o). If K is separable, then all the extreme points
in the ball of X = C(K) are peak points for A(B) as a function space on B.
Theorem 4.2 (Aron, Choi, Lourenc¸o, Paques). All the extreme points in the
ball of X = ℓ∞ are peak points for A(B) as a function space on B.
Examples and counterexamples of strong peak points are provided below, based
on constructions in [1] and [13].
Theorem 4.3 (Acosta, Lourenc¸o). If K is any infinite compact Hausdorff space
and X = C(K), then there are no strong peak points for A∞(B).
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Theorem 4.4 (Acosta, Lourenc¸o). All the points in the unit sphere of X = ℓ1
are strong peak points for A(B) as a function space on B.
Theorem 4.5 (Farmer). All the points in the unit sphere of a uniformly convex
Banach space X are strong peak points for A(B) as a function space on B¯ = B¯∗∗.
To obtain a local version of the previous result, let us consider the following
notion: a Banach space X is called locally uniformly convex at x if lim ‖yn−x‖ = 0
whenever {yn} ⊂ X is such that lim ‖yn‖ = ‖x‖ and lim ‖x + yn‖ = 2‖x‖. It is
easy to check that uniformly convex spaces are locally uniformly convex.
Theorem 4.6. If X is locally uniformly convex at a point x of its sphere SX
then x is a strong peak point for A(B) as a function space on B¯.
Proof. Pick x∗ a norming functional for x. SinceX is locally uniformly convex
at x, we have that for every ε > 0 there is δ > 0 such that ‖y − x‖ < ε whenever
y ∈ B and ‖(x + y)/2‖ > 1 − δ. Thus, if y ∈ B is such that Re(x∗(y)) > 1 − δ,
then ‖ 12 (x + y)‖ ≥
1
2Re(x
∗(x + y)) > 1 − δ/2, so consequently ‖y − x‖ < ε. By
taking real and imaginary parts, it is easy to check that there is a number σ > 0
such that, if Re(x∗(y)) ≤ 1 − δ with y ∈ B, then | 12 (1 + x
∗)(y)| < 1 − σ. Then
f = 12 (1 + x
∗) ∈ A(B) peaks strongly at x. 
A relationship between strong peak points and the cluster value problem is the
next result that follows from material in Section 2 of [2] .
Proposition 4.7. Suppose that x ∈ B¯ is a strong peak point for A(B) as a
function space on B¯. Then for H(B) between A(B) and A∞(B), the fiber Mx
reduces to one point, and thus the cluster value theorem for H(B) at x holds.
Let us present an analogous relationship between strong peak points and the
polynomial cluster value problem.
Theorem 4.8. Suppose that x ∈ B¯ is a strong peak point for Au(B) as a
function space on B¯. Then x is a peak point for Au(B) as a function space on B¯
∗∗.
Consequently for all f ∈ H∞(B) that extend continuously to B ∪ {x} we have that
the Gelfand transform of f is constant on MPx .
Proof. Since x ∈ B¯ is a strong peak point for Au(B), there exists g ∈ Au(B)
such that g peaks strongly at x.
If x0 ∈ B¯
∗∗ also satisfies |g˜(x0)| = 1, taking (xα) ⊂ B converging to x0 in the
polynomial-star topology, we get that |g(xα)| → 1. But this implies that xα → x
in norm. So x0 = x. Hence |g˜(y)| < 1 for all y ∈ B¯
∗∗ \ {x}.
Let f ∈ H∞(B) extending continuously to B ∪ {x}. Adding a constant to f , if
necessary, we may assume that f(y)→ 0 as y → x. Then gnf → 0 uniformly on B.
Consequently (gˆ)nfˆ → 0 uniformly on MH∞(B). Since gˆ = 1 on M
P
x , then fˆ = 0
on MPx . 
Corollary 4.9. Suppose that x ∈ B¯ is a strong peak point for Au(B) as a
function space on B¯. Then for any uniform algebra H(B) between Au(B) and
A∞(B), the polynomial fiber M
P
x reduces to one point, and thus the polynomial
cluster value theorem for H(B) at x holds.
Let us finish with some specific (polynomial) cluster value theorems for A∞(B)
at special points using the aforementioned examples of strong peak points.
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Corollary 4.10. For each x ∈ Sℓ1 , there is a (polynomial) cluster value
theorem for A∞(Bℓ1) at x.
Corollary 4.11. If X is locally uniformly convex at x ∈ SX , there is a (poly-
nomial) cluster value theorem for A∞(B) at x.
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